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Halo Mass Functions as a Cosmological Probe

n Abundance of collapsed halos
increases over time and is sensitive to
the growth rate of density perturbations

n Baryonic effects are present, because
feedback redistributes mass and alters 
the HMF

n A survey of halos is also sensitive to the
volume-redshift relation
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n Halo mass constraints crucial
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Galaxy Cluster Observables and Selection

n Cluster finding: SZE, X-ray and Optical
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eROSITA Extragalactic sky

Wide-area census of galaxy clusters (105) and active galactic nuclei (106) 

Image credits: MPE, eRosita_DE consortium, XMM-XXL 

mm-wave Sky

In all cases, use cluster Red Sequence galaxies to estimate redshift



Cluster Mass Function as Cosmological Probe

n Galaxy Clusters are the most massive collapsed halos
n Baryonic effects less important
n Relatively easily observable:  X-ray, SZE, optical richness. WL 

shear

n Select by “observable“ rather than mass
n Power-law mass-observable scaling relations exist
n Connect Observations to HMF through these scaling relations
n Account for selection effects in modeling

n Science Driver for large, multi-wavelength surveys
n e.g., SPT, DES and later eROSITA

n Weak lensing to calibrate cluster masses is essential
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ABSTRACT

We study the expected redshift evolution of galaxy cluster abundance between 0 ∼< z ∼< 3 in different
cosmologies, including the effects of the cosmic equation of state parameter w ≡ p/ρ. Using the halo
mass function obtained in recent large scale numerical simulations, we model the expected cluster yields
in a 12 deg2 Sunyaev-Zel’dovich Effect (SZE) survey and a deep 104 deg2 X-ray survey over a wide
range of cosmological parameters. We quantify the statistical differences among cosmologies using both
the total number and redshift distribution of clusters. Provided that the local cluster abundance is
known to a few percent accuracy, we find only mild degeneracies between w and either Ωm or h. As
a result, both surveys will provide improved constraints on Ωm and w. The Ωm–w degeneracy from
both surveys is complementary to those found either in studies of CMB anisotropies or of high–redshift
Supernovae (SNe). As a result, combining these surveys together with either CMB or SNe studies
can reduce the statistical uncertainty on both w and Ωm to levels below what could be obtained by
combining only the latter two data sets. Our results indicate a formal statistical uncertainty of ≈ 3%
(68% confidence) on both Ωm and w when the SZE survey is combined with either the CMB or SN
data; the large number of clusters in the X–ray survey further suppresses the degeneracy between w and
both Ωm and h. Systematics and internal evolution of cluster structure at the present pose uncertainties
above these levels. We briefly discuss and quantify the relevant systematic errors. By focusing on
clusters with measured temperatures in the X–ray survey, we reduce our sensitivity to systematics such
as non-standard evolution of internal cluster structure.
Subject headings: cosmology: theory – cosmology: observation

1. INTRODUCTION

It has long been realized that clusters of galaxies provide
a uniquely useful probe of the fundamental cosmological
parameters. The formation of the large–scale dark mat-
ter (DM) potential wells of clusters is likely independent
of complex gas dynamical processes, star formation, and
feedback, and involve only gravitational physics. As a re-
sult, the abundance of clusters Ntot and their distribution
in redshift dN/dz should be determined purely by the ge-
ometry of the universe and the power spectrum of initial
density fluctuations. Exploiting this relation, the observed
abundance of nearby clusters has been used to constrain
the amplitude σ8 of the power spectrum on cluster scales
to an accuracy of ∼ 25% (e.g. White, Efstathiou & Frenk
1993, Viana & Liddle 1996). The value of σ8 in these
studies depends on the assumed underlying cosmology, es-
pecially on the density parameters Ωm and ΩΛ. Subse-
quent works (Bahcall & Fan 1998, Blanchard & Bartlett
1998, Viana & Liddle 1999) have shown that the redshift–
evolution of the observed cluster abundance places useful
constrains on these two cosmological parameters.
In the above studies, the equation of state for the Λ–

component has been implicitly assumed to be p = wρ
with w = −1. The recent suggestion that w might be
different from −1, or even redshift dependent (Turner &

White 1997, Caldwell, Dave & Steinhardt 1998) has in-
spired several studies of cosmologies with a component of
dark energy. From a particle physics point of view, such
w > −1 can arise in a number of theories (see Freese,
Adams & Frieman 1987, Ratra & Peebles 1988, Turner &
White 1997, Caldwell, Dave & Steinhardt 1998 and refer-
ences therein). It is therefore of considerable interest to
search for possible astrophysical signatures of the equation
of state, especially those that distinguish w = −1 from
w > −1. Wang et al. (2000) has summarized current as-
trophysical constraints that suggest−1 ≤ w ∼< −0.2; while
recent observations of Type Ia SNe suggest the stronger
constraint w ∼< − 0.6 (Perlmutter, Turner & White 1999).
The galaxy cluster abundance provides a natural test

of models that include a dark energy component with
w &= −1, because w directly affects the linear growth of
fluctuations Dz, as well as the cosmological volume ele-
ment dV/dzdΩ. Furthermore, because of the dependence
of the angular diameter distance dA on w, the experimen-
tal detection limits for individual clusters, e.g., from the
Sunyaev–Zel’dovich effect (SZE) decrement or the X–ray
luminosity, depend on w. Wang & Steinhardt (1998, here-
after WS98) studied the constraints on w from a combina-
tion of measurements of the cluster abundance and Cos-
mic Microwave Background (CMB) anisotropies. Their
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the same effect).

4.1.3. Changing h

Figure 4 demonstrates the effects of changing h. Three
ΛCDM models are shown with (Ωm = 0.30, w = −1),
and h = 0.55 (dotted curve), h = 0.65 (solid curve), and
h = 0.80 (short–dashed curves). The long–dashed curves
correspond to OCDM models with the same parameters
(top to bottom). Comparing the top right panel with
that of Figure 2, the qualitative behavior of dN/dz under
changes in h and Ωm are similar: decreasing h increases
the total number of clusters, but does not considerably
change their redshift distribution. However, the sensitiv-
ity to h is significantly less: the total number of clusters
is seen to increase by ∼ 25% only when h is decreased
by the same percentage. Note that the growth function is
not effected by h, and the h sensitivity is driven by our
normalization process, which fixes the abundance at z = 0
(see § 3.1). Since the volume scales as ∝ h−3, we fix the co-
moving abundance to be proportional to ∝ h3. As a result,
dN/dzdΩ is nearly independent of h. In fact, the entire h–
dependence is attributable to the small change caused by
h in the shape of the power spectrum (for a pure power–
law spectrum, there would be no h–dependence, and the
three curves for the flat universe in the top left panel of
Figure 4 would look identical).

Fig. 5.— Effect of changing w (upper panels) or Ωm (lower pan-
els) when all other parameters are held fixed, including the mass
limit. The types of the curves correspond to the different models in
the SZE survey, as shown in Figures 2 & 3.

4.1.4. Abundances in the X–ray Survey

The evolution of the cluster abundance, and its sensi-
tivity to Ωm and w in the X–ray survey are shown in Fig-
ure 6. Because of the much larger solid angle surveyed, the
numbers of clusters is significantly larger than in the SZE
case, despite the higher limiting mass (cf. Fig 1). Nev-
ertheless, the general trends that can be identified in the
X–ray sample are similar to those in the SZE case. Rais-
ing w increases the total number of clusters, and flattens

their redshift distribution. As in the SZE survey, raising
Ωm decreases the total number of clusters.

4.2. Effects of the Limiting Mass Function

Finally, we examine the extent to which the above
conclusions depend on the cosmology and redshift–
dependence of the limiting mass Mmin.

Fig. 6.— Effect of changing w (upper panels) or Ωm (lower pan-
els) when all other parameters are held fixed in the X–ray survey.
Note the much larger numbers of clusters in comparison to the SZE
survey. In the top panel, the curves correspond to w = −1 (solid),
w = −0.6 (dotted) and w = −0.2 (dashed). In the bottom panel,
the curves correspond to Ωm = 0.3 (solid), Ωm = 0.27 (dotted) and
Ωm = 0.33 (dashed).

4.2.1. The SZE Survey

We first compute cluster abundances above the fixed
mass Mmin = 1014h−1M", characteristic of the SZE sur-
vey detection threshold in the range of cosmologies and
redshifts considered here. The results are shown in Fig-
ure 5: the bottom panels show the surface density and
comoving abundance when Ωm is changed (the models
are the same as in Figure 2), and the top panels show
the same quantities under changes in w (the cosmological
models are the same as in Figure 3). A comparison be-
tween Figures 5 and 3 gives an idea of the importance of
the mass limit. The general trend seen in Figure 3 remains
true, i.e. increasing w flattens the redshift distribution at
high–z. However, when a constant Mmin is assumed, the
“pivot point” moves to slightly higher redshift, and the to-
tal number of clusters becomes less sensitive to w. Similar
conclusions can be drawn from a comparison of Figure 2
with the bottom two panels of Figure 5: under changes in
Ωm the general trends are once again similar, but the dif-
ferences between the different models are amplified when
a constant Mmin is used. In summary, we conclude that
in the SZE case (1) the variation of the mass limit with
redshift and cosmology has a secondary importance, and
(2) it weakens the Ωm dependence, but strengthens the w
dependence.

14 COSMOLOGICAL PARAMETERS FROM GALAXY CLUSTER SURVEYS

ent magnitudes of the observed SNe constrain the luminos-
ity distance dL(z) to 0 ≤ z ∼< 1 (Schmidt et al. 1998, Perl-
mutter et al. 1999). In general, both of these types of
observations will determine a combination of cosmological
parameters that is different from the cluster constraints
derived here.

Fig. 16.— Likelihood contours for a fixed h = 0.65 as in Fig-
ure 9, but zooming in for clarity. Also shown are combinations of
w and Ωm that keep the spherical harmonic index ! of the first
Doppler peak in the CMB anisotropy data constant to within ±1%
(dashed lines); and combinations that keep the luminosity distance
to redshift z = 1 constant to the same accuracy.

In Figure 16, we zoom in on the relevant region of the
Ωm −w plane in the X–ray survey, and compare the clus-
ter constraints to those expected from CMB anisotropy
or high–z SNe. The three dashed curves correspond to
the CMB constraints: the middle curve shows a combina-
tion of Ωm and w that produces the constant !peak ≈ 243
obtained in our fiducial ΛCDM model (using the fitting
formulae from White 1998 for the physical scale kpeak);
the other two dotted curves bracket a ±1% range around
this value. Similarly, the dotted curves correspond to the
constraints from SNe. The middle curve shows a line of
constant dL at z = 1 that agrees with the ΛCDM model;
the two other curves produce a dL that differs from the
fiducial value by ±1%. As the figures show, the lines of
CMB and SNe parameter degeneracies run somewhat un-
favorably parallel to each other; however, both of those de-
generacies are much more complementary to the direction
of the parameter degeneracy in cluster abundance stud-
ies. In particular, the maximum allowed value of w, using
both the CMB or SNe data, is w ≈ −0.8; while this is
reduced to w ≈ −0.95 when the cluster constraints are
added. Note that in Figure 16, we have assumed a fixed
value of h = 0.65; however, we find that relaxing this
assumption does not significantly change the above con-
clusion. The CMB and SNe constraints depend more sen-
sitively on h than the cluster constraints do: as a result,
the confidence regions do not overlap significantly even in
the three–dimensional (w,Ωm, h) space.
The high complementarity of the cluster constraint to

those from the other two methods can be understood based
on the discussions in § 4.1. To remain consistent with the

CMB and SNe Ia constraints, an increase in w must be
coupled with a decrease in Ωm; however, both increasing
w and lowering Ωm raises the number of detected clusters.
To keep the total number of clusters constant, an increase
in w must be balanced by an increase in Ωm. Note that
this statement is true both for the SZE and the X–ray
surveys. Combining the cluster constraints with the CMB
and SNe Ia constraints will therefore likely result in im-
proved estimates of the cosmological parameters, and we
do not expect this conclusion to rely on the details of the
two surveys considered here.

7. CONCLUSIONS

We studied the expected evolution of galaxy cluster
abundance from 0 ∼< z ∼< 3 in different cosmologies, in-
cluding the effects of variations in the cosmic equation of
state parameter w ≡ p/ρ. By considering a range of cos-
mological models, we quantified the accuracy to which Ωm,
w, and h can be determined in the future, using a 12 deg2

Sunyaev-Zel’dovich Effect survey and a deep 104 deg2 X-
ray survey. In our analysis, we have assumed that the
local cluster abundance is known accurately: we find that
in practice, an accuracy of ∼ 5% is sufficient for our results
to be valid.
We find that raising w significantly flattens the redshift–

distribution, which can not be mimicked by variations in
either Ωm, h, which affect essentially only the normaliza-
tion of the redshift distribution. As a result, both surveys
will be able to improve present constraints on w. In the
Ωm−w plane, both the SZE and X–ray surveys yield con-
straints that are highly complementary to those obtained
from the CMB anisotropy and high–z SNe. Note that the
SZE and X–ray surveys are themselves somewhat comple-
mentary. In combination with these data, the SZE survey
can determine both w and Ωm to an accuracy of ≈ 10%
at 3σ significance. Further improvements will be possi-
ble from the X–ray survey. The large number of clusters
further alleviates the degeneracy between w and both Ωm

and h, and, as a result, the X–ray sample can determine w
to ≈ 10% and Ωm to ≈ 5% accuracy, in combination with
either the CMB or the SN data.
Our work focuses primarily on the statistics of cluster

surveys. We have provided an estimate of the scale of
various systematic uncertainties. Further work is needed
to clarify the role of these uncertainties, arising especially
from the analytic estimates of the scaling of the mass lim-
its with cosmology, the dependence of the cluster mass
function on cosmology, and our neglect of issues such as
galaxy formation in the lowest mass clusters. However,
our findings suggest that, in a flat universe, the cluster
data lead to tight constraints on a combination of Ωm and
w, especially valuable because of their high complementar-
ity to those obtained from the CMB anisotropy or Hubble
diagrams using SNe as standard candles.

We thank L. Hui for useful discussions, D. Eisenstein,
M. Turner, D. Spergel and the anonymous referee for use-
ful comments, and J. Carlstrom and the COSMEX team
for providing access to instrument characteristics required
to estimate the yields from their planned surveys. ZH is
supported by the DOE and the NASA grant NAG 5-7092
at Fermilab, and by NASA through the Hubble Fellow-
ship grant HF-01119.01-99A, awarded by the Space Tele-
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SPT SZE-selected Cluster Cosmology
n Dataset:

n 343 SZE selected clusters (x is SZE observable, and x>5, Bleem+2015)
n Weak lensing (WL) data on 32 clusters

n SZE-mass-redshift power law scaling relation with scatter (4 params)

n Bayesian analysis w/ Poisson likelihood for counts and c2 likelihood for WL shear profile

n Model accounts for selection biases (Eddington, Malmquist)
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in Eq. 12 as P (YX, gt|⇠i, zi,p)
��
YXi , gti

⇥
dN(⇠,z|p)

d⇠dz

��
⇠i,zi

.

The second term in Eq. 12 represents the total num-
ber of clusters in the survey, which are selected in
⇠ and z (and without any selection based on the
follow-up observables). Therefore, this term reduces
to

R
d⇠dz⇥sdN(⇠, z|p)/d⇠dz. With these modifications,

and after explicitly setting the survey selection, the
likelihood function becomes

lnL(p) =
X

i

ln
dN(⇠, z|p)

d⇠dz

��
⇠i,zi

�

Z 1

zcut

dz

Z 1

⇠cut

d⇠
dN(⇠, z|p)

d⇠dz

+
X

j

lnP (YX, gt|⇠j , zj ,p)
��
YXj , gtj

(13)

up to a constant. The first sum runs over all clusters i

in the sample, and the second sum runs over all clusters
j with YX and/or WL gt measurements.
The first two terms in Eq. 13 can be interpreted as the

likelihood of the abundance (or number counts) of SZ
clusters, while the third term represents the information
from follow-up mass calibration. These two components
are also visualized in the analysis flowchart in Fig. 3: the
number counts on the lower left side use the distribution
of clusters in (⇠, z) space, and the mass calibration on
the lower right also uses all available WL and X-ray
follow-up data.
We note that the subsamples of clusters that were tar-

geted for follow-up WL and/or X-ray data were selected
at random within some cuts in ⇠ and redshift. Impor-
tantly, the selection was not made on WL and/or X-ray
measurements. Therefore, the likelihood function pre-
sented above is complete; importantly, it does not su↵er
from biases from WL and/or X-ray selections.

3.2.1. Implementation of the Likelihood Function

We compute the individual terms in Eq. 13 as follows.

dN(⇠, z|p)

d⇠dz
=

ZZ
dM d⇣ [ P (⇠|⇣)P (⇣|M, z,p)

dN(M, z|p)

dMdz
⌦(z,p) ]

(14)

where ⌦(z,p) is the survey volume and dN(M, z|p)/dMdz

is the HMF. We evaluate Eq. 14 in the space (⇠, z)
by convolving the HMF with the intrinsic scatter
in P (⇣|M, z,p) and the measurement uncertainty in
P (⇠|⇣).
The first term in Eq. 13 is computed by evaluating

Eq. 14 at each cluster’s measured (⇠i, zi), marginaliz-
ing over photometric redshift errors where present. The
second term is a simple two-dimensional integral over
Eq. 14.
Our cluster sample contains 22 SZ detections for which

no optical counterparts were found; these were assigned

lower redshift limits zlim in Bleem et al. (2015). We used
simulations to determine the expected false-detection
rate dNfalse(⇠)/d⇠ given survey specifics (see Section 2.2
and Table 1 in dH16). For each unconfirmed cluster can-
didates, we evaluate a modified version of the first term
in Eq. 13

dNunconf. cand.(⇠, z|p)

d⇠dz
=
dNcluster(⇠, z|p)

d⇠dz

+
dNfalse(⇠)

d⇠

(15)

and marginalize over the candidate’s allowed redshift
range zlim < z < 1. Note that the total expected num-
ber of false detections

R
d⇠dNfalse(⇠)/d⇠ is independent

of p and is therefore neglected in Eq. 13. The expected
number of false detections in the SPT-SZ survey is 18±4,
which is consistent with our 22 unconfirmed candidates
(dH16). In practice, we obtain essentially unchanged re-
sults if we simply discard the 22 optically-unconfirmed
SZ detections from the catalog. There are nine clusters
that are detected in the overlap region between adjacent
SPT fields. We follow dH16 and double-count these clus-
ters in our analysis. Accounting for only one object of
each pair of these clusters instead does not change our
results in any significant way.
The mass calibration term in Eq. 13 is computed as

P (Y obs

X
,g

obs

t
|⇠, z,p) =

ZZZZ
dM d⇣ dYX dMWL [

P (Y obs

X
|YX)P (gobs

t
|MWL)P (⇠|⇣)

P (⇣, YX,MWL|M, z,p)P (M |z,p) ]

(16)

with the HMF P (M |z,p) and the multi-observable scal-
ing relation P (⇣, YX,MWL|M, z,p) that includes the
e↵ects of correlated scatter. Computing this multi-
dimensional integral in the (⇣, YX,MWL) space is expen-
sive. We minimize the computational cost of this step
by i) only considering parts of the (⇣, YX,MWL) space
that have non-negligible probability densities; we esti-
mate this sub-space from the measurements and p, ii)
using Fast Fourier Transform convolutions, and iii) only
performing this computation for clusters that actually
have both follow-up measurements YX and MWL; other-
wise, we restrict the computation to the much cheaper
two-dimensional (YX, ⇣) or (MWL, ⇣) spaces. The mass
calibration term does not need to be computed at all for
clusters that have no X-ray or WL follow-up data.

3.2.2. Update of the X-ray Analysis Scheme

The X-ray observable is a measurement of the radial
YX profile. The scaling relation on the other hand pre-
dicts a value of the observable integrated out to r500 for
a given M500. In a self-consistent analysis, the likeli-
hood should be extracted by comparing the data and
the model prediction at the same radius.

SPT-SZ Cluster Cosmology with Weak-Lensing Mass Calibration 9

in Eq. 12 as P (YX, gt|⇠i, zi,p)
��
YXi , gti

⇥
dN(⇠,z|p)

d⇠dz

��
⇠i,zi

.

The second term in Eq. 12 represents the total num-
ber of clusters in the survey, which are selected in
⇠ and z (and without any selection based on the
follow-up observables). Therefore, this term reduces
to

R
d⇠dz⇥sdN(⇠, z|p)/d⇠dz. With these modifications,

and after explicitly setting the survey selection, the
likelihood function becomes

lnL(p) =
X

i

ln
dN(⇠, z|p)

d⇠dz

��
⇠i,zi

�

Z 1

zcut

dz

Z 1

⇠cut

d⇠
dN(⇠, z|p)

d⇠dz

+
X

j

lnP (YX, gt|⇠j , zj ,p)
��
YXj , gtj

(13)

up to a constant. The first sum runs over all clusters i

in the sample, and the second sum runs over all clusters
j with YX and/or WL gt measurements.
The first two terms in Eq. 13 can be interpreted as the

likelihood of the abundance (or number counts) of SZ
clusters, while the third term represents the information
from follow-up mass calibration. These two components
are also visualized in the analysis flowchart in Fig. 3: the
number counts on the lower left side use the distribution
of clusters in (⇠, z) space, and the mass calibration on
the lower right also uses all available WL and X-ray
follow-up data.
We note that the subsamples of clusters that were tar-

geted for follow-up WL and/or X-ray data were selected
at random within some cuts in ⇠ and redshift. Impor-
tantly, the selection was not made on WL and/or X-ray
measurements. Therefore, the likelihood function pre-
sented above is complete; importantly, it does not su↵er
from biases from WL and/or X-ray selections.

3.2.1. Implementation of the Likelihood Function

We compute the individual terms in Eq. 13 as follows.

dN(⇠, z|p)

d⇠dz
=

ZZ
dM d⇣ [ P (⇠|⇣)P (⇣|M, z,p)

dN(M, z|p)

dMdz
⌦(z,p) ]

(14)

where ⌦(z,p) is the survey volume and dN(M, z|p)/dMdz

is the HMF. We evaluate Eq. 14 in the space (⇠, z)
by convolving the HMF with the intrinsic scatter
in P (⇣|M, z,p) and the measurement uncertainty in
P (⇠|⇣).
The first term in Eq. 13 is computed by evaluating

Eq. 14 at each cluster’s measured (⇠i, zi), marginaliz-
ing over photometric redshift errors where present. The
second term is a simple two-dimensional integral over
Eq. 14.
Our cluster sample contains 22 SZ detections for which

no optical counterparts were found; these were assigned

lower redshift limits zlim in Bleem et al. (2015). We used
simulations to determine the expected false-detection
rate dNfalse(⇠)/d⇠ given survey specifics (see Section 2.2
and Table 1 in dH16). For each unconfirmed cluster can-
didates, we evaluate a modified version of the first term
in Eq. 13

dNunconf. cand.(⇠, z|p)

d⇠dz
=
dNcluster(⇠, z|p)

d⇠dz

+
dNfalse(⇠)

d⇠

(15)

and marginalize over the candidate’s allowed redshift
range zlim < z < 1. Note that the total expected num-
ber of false detections

R
d⇠dNfalse(⇠)/d⇠ is independent

of p and is therefore neglected in Eq. 13. The expected
number of false detections in the SPT-SZ survey is 18±4,
which is consistent with our 22 unconfirmed candidates
(dH16). In practice, we obtain essentially unchanged re-
sults if we simply discard the 22 optically-unconfirmed
SZ detections from the catalog. There are nine clusters
that are detected in the overlap region between adjacent
SPT fields. We follow dH16 and double-count these clus-
ters in our analysis. Accounting for only one object of
each pair of these clusters instead does not change our
results in any significant way.
The mass calibration term in Eq. 13 is computed as

P (Y obs

X
,g

obs

t
|⇠, z,p) =

ZZZZ
dM d⇣ dYX dMWL [

P (Y obs

X
|YX)P (gobs

t
|MWL)P (⇠|⇣)

P (⇣, YX,MWL|M, z,p)P (M |z,p) ]

(16)

with the HMF P (M |z,p) and the multi-observable scal-
ing relation P (⇣, YX,MWL|M, z,p) that includes the
e↵ects of correlated scatter. Computing this multi-
dimensional integral in the (⇣, YX,MWL) space is expen-
sive. We minimize the computational cost of this step
by i) only considering parts of the (⇣, YX,MWL) space
that have non-negligible probability densities; we esti-
mate this sub-space from the measurements and p, ii)
using Fast Fourier Transform convolutions, and iii) only
performing this computation for clusters that actually
have both follow-up measurements YX and MWL; other-
wise, we restrict the computation to the much cheaper
two-dimensional (YX, ⇣) or (MWL, ⇣) spaces. The mass
calibration term does not need to be computed at all for
clusters that have no X-ray or WL follow-up data.

3.2.2. Update of the X-ray Analysis Scheme

The X-ray observable is a measurement of the radial
YX profile. The scaling relation on the other hand pre-
dicts a value of the observable integrated out to r500 for
a given M500. In a self-consistent analysis, the likeli-
hood should be extracted by comparing the data and
the model prediction at the same radius.

Sebastian Bocquet



SPT Cluster Cosmology Results 2019

n Takeaways:
n Cluster dataset well described by our model
n Constraints in good agreement with other probes
n Comparable uncertainties to other probes
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Next step is SPTxDES analysis

n Since then we have been preparing a more sensitive analysis:

n Enlarging sample through more SPT data and improved techniques (3x clusters)
n Combining cluster counts with DES WL constraints (650 clusters)
n Expanding toolkit to constrain cluster masses with WL shear profiles
n Developing a framework for incorporating WL mass systematics
n Running a fully blinded analysis

7. Dec 2022 Mohr - Unsolved Problems in Astrophysics and Cosmology 7



Expanded SPT SZE-selected Sample

n SPT summer fields and 500d added
n Optical followup tool MCMF 

(Klein+18,19) applied
n employs existence of optical cluster

associated with SZE candidate to expand
and clean the SPT sample

n Low contamination (<2%), excellent
photo-z‘s (RMS "#

$%# ≈ 0.005)
n Current cosmo sample:  1009 clusters
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Weak Lensing Mass Constraints from DES

n The DES Shear and Photo-z catalogs have
been prepared primarily to support 3x2pt 
cosmology
n Extensive characterization of systematics

n Cluster specific improvements required:
n Cluster member contamination modeling
n Cluster mis-centering modeling

n DES contains a tremendous amount of
cluster mass information
n See stacked Delta-Sigma profiles for ~2000 

SZE and X-ray selected clusters
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Scaled ∆Σ profiles for ~2000 SZE and 
X-ray selected clusters in DES.

Similar profiles extracted from Hydro
and nDGP modified gravity simulations
(no fitting here!)



Characterizing WL Mass Systematics
Common framework for all weak-lensing modeling ingredients

(Grandis, Bocquet et al. 2021)
• Mass modeling (halo profiles, miscentering, uncorrelated LSS)
• Shear modeling (shear and photo-z calibration, cluster member

contamination)
• Relate hydro halo profiles to gravity-only halo mass function
• Calibrate mis-match between NFW model and realistic synthetic

lensing data ((z, M)-dependent bias & (z, M)-dependent scatter)
• Estimate Impact of baryonic effects: compare Magneticum and 

Illustris TNG hydrodynamical simulations: 2% difference in mass

n Characterize MWL-Mhalo relation as f(M,z)
n Total systematic weak-lensing uncertainty in DES Year 3:

3 — 6 % as function of cluster redshift
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Weak-Lensing Mass Bias

Simulation-based 
calibrations (Grandis+21)
‣ Magneticum 

hydrodynamical simulations 
(Dolag in prep.)

‣ Observed weak-lensing 
properties as inputs

‣ Weak-lensing mass bias as a 
function of true mass and 
redshift

The Mwl —M500—z relation

Chiu+22

S. Grandis S. Bocquet

Sebastian Grandis

Projected Magneticum Halo
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Bocquet+22(or 23?) Status
n Analysis strategy:

n Similar Poisson likelihood for abundance
n Cluster by cluster WL shear profile likelihood
n SZE-mass, optical richness-mass, MWL-mass scaling

relations
n 10 params + correlated scatter (SZE, WL, l )

n Validation on mocks, Blinded tests on data
ongoing

n Mocks indicate this will be best chance yet to test
S8 tension with clusters...
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Recent Results on eROSITA Cluster Cosmology

n We recently carried out the first cosmological analysis of the eROSITA
cluster sample using a public eFEDS survey (140 deg2) dataset using
public HSC weak lensing

n 455 clusters after optical cleaning with MCMF, 177 with WL data
n Expected contamination of 6%  (20% contamination in original eFEDS sample)

n Similar approach as SPTxDES but for X-ray selected sample we have:
n X-ray count rate-mass-redshift relation (h is count rate; 5 params)
n Optical richness-mass-redshift relation, too (5 params)

n Complication:  analyzed eFEDS „extent“ selected sample, and therefore
had to model incompleteness in h selected sample introduced by extent
selection

n Used MCMF to identify ALL clusters (including in unresolved sample)
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The eFEDSxMCMF sample

n eFEDS clusters are lower mass and span broad redshift range
n HSC WL shear profiles used in similar manner (MWL-Mhalo)
n Model consistency with data is encouraging
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Scaling Relation Constraints

n The data follow the scaling relations well
n 5 param power law rel‘ns (plus correlated scatter) adequate
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eROSITA Cosmological Constraints
n Fully blinded analysis

n Constraints in good agreement with other probes (no tension with Planck)
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Figure 18. The comparisons of the cosmological parameters assuming the ⇤CDM cosmology between the eFEDS clusters (blue) and the external results,
including the anisotropy and polarization (TTTEEE+ lowE) of CMB temperatures from Planck (purple; Planck Collaboration et al. 2020), the 3⇥2-point analysis
from the Dark Energy Survey (cyan; Abbott et al. 2022), and the clusters in the SPT-SZ survey (grey; Bocquet et al. 2019). In the left (right) panel, the constraints
on ⌦m and f8 ((8 ⌘ f8 (⌦m/0.3)0.3) are shown. The contours indicate the 68% and 95% confidence levels. The eFEDS results are in agreement with the
external constraints at a level of . 1.2f.

the galaxy-galaxy clustering and lensing (i.e., 3⇥2-point analysis)
from the Dark Energy Survey (DES; Abbott et al. 2022), and the
state-of-the-art cluster constraints from the SPT-SZ survey (Bocquet
et al. 2019). The eFEDS constraints are in good agreement9 with all
of these other results: the consistency with the results from Planck,
DES, and SPT are at levels of 1.2f, 1.0f, and 0.6f, respectively.
Our results based on the eFEDS clusters do not provide evidence for
the “f8 tension” with the CMB constraint from Planck.

5.4.2 The FCDM cosmology

Now we turn to the constraints on the FCDM model. The results
based on the joint modeling of the cluster abundance and the weak-
lensing mass calibration in the eFEDS survey yields

⌦m = 0.234+0.048
�0.070 , (53)

f8 = 0.846+0.092
�0.066 , (54)

(8 = 0.784+0.034
�0.027 , (55)

F = �1.25 ± 0.47 , (56)

which are obtained with the Gaussian priors applied to the X-ray
completeness parameters

�
[50, B[

�
and with the single power-law

[–"–I relation. Allowing the broken power-law mass scaling of the
count rate or removing the Gaussian priors on

�
[50, B[

�
all leads

to a negligible di�erence in the parameter constraints, as seen in
Table 3. It is worth mentioning that the constraints on ⌦m and f8
are insensitive to the inclusion of F, which is seen in Figure 17.
Although the parameter uncertainty is large, the eFEDS constraint

9 The (in)consistency is calculated using the chains of parameters by
the code that is available in https://github.com/SebastianBocquet/
PosteriorAgreement (see also Bocquet et al. 2019, for more details).

on F supports a model where the dark energy is a cosmological
constant (F = �1).

In Figure 19, we compare the eFEDS FCDM results with those
from the external experiments. It is clear that there is good consis-
tency with the Planck, DES, and SPT constraints at levels of 0.1f,
1.1f, and 0.8f, respectively. Overall, there is excellent agreement
between eFEDS and these external results, clearly demonstrating the
success of the empirical modeling in deriving cosmological con-
straints using a sample of X-ray selected clusters in a synergy with a
wide-field weak-lensing survey, for the first time.

We note that while the negative deviation from the self-similar
redshift trend of the [–"–I relation is observed in the ⇤CDM
cosmology (W[ = �0.83+0.44

�0.50), the redshift scaling of the rela-
tion is constrained to be statistically consistent with no deviation
(W[ = �0.38+0.72

�0.82) in the FCDM model. This is due to the fact that
there is strong degeneracy between the redshift scaling parameter W[
and the equation of state of dark energy F. This is visualized in Fig-
ure 20, where we find that F has the strongest degeneracy with W[ .
This result suggests that a tight constraint on the redshift trend of the
count rate is of critical importance to put a stringent constraint on F

(see also Bocquet et al. 2019, for the similar finding in SZE-selected
clusters).

6 DISCUSSIONS

In this work, we obtain cosmological constraints through an analysis
of the optically confirmed subset of the eFEDS X-ray selected cluster
sample, with support from weak lensing mass calibration carried out
using the HSC Subaru Strategy Program S16A dataset. Leveraging
prior knowledge of structure formation from theory, simulations, and
observations accumulated over the last few decades, we adopt flexible
functional forms in the X-ray, optical and weak lensing observable-
to-mass-and-redshift relations, and then empirically calibrate them
within the cosmological analysis. This empirical calibration ensures

MNRAS 000, 1–37 (2022)
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Summary

n Bayesian analysis framework to handle multi-wavelength cluster samples and incorporate 
systematic uncertainties has been demonstrated

n SPT and eROSITA cluster samples supported by weak lensing mass constraints are 
promising cosmological probes

n Larger SZE and X-ray selected samples on the horizon

n Dramatic improvements in WL data expected from Euclid and Rubin

n Such samples provide leverage to address many Unsolved Problems 
DE, DM, modified gravity, neutrino masses, etc
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